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Abstract. We prove an analogue of the Baum-Connes conjecture for free 
orthogonal quantum groups. More precisely, we show that these quantum 
groups have a 7-element and that 7 = 1. It follows that free orthogonal 
quantum groups are /•("-amenable. We compute explicitly their A"-theory and 
deduce in the unimodular case that the corresponding reduced C*-algebras do 
not contain nontrivial idempotents. 

Our approach is based on the reformulation of the Baum-Connes conjecture by 
Meyer and Nest using the language of triangulated categories. An important 
ingredient is the theory of monoidal equivalence of compact quantum groups 
developed by Bichon, De Rijdt and Vacs. This allows us to study the problem 
in terms of the quantum group SU q {2). The crucial part of the argument is 
a detailed analysis of the equivariant Kasparov theory of the standard Podles 
sphere. 

1. Introduction 

Let G be a second countable locally compact group and let A be a separable 
G-C*-algebra. The Baum-Connes conjecture with coefficients in A asserts that the 
assembly map 

f i A :Kl°"(G-A)^K,(GK r A) 
is an isomorphism [5J , [7] . Here K st {G k r A) is the if -theory of the reduced crossed 
product of A by G. The validity of this conjecture has applications in topology, 
geometry and representation theory. In particular, if G is discrete then the Baum- 
Connes conjecture with trivial coefficients C implies the Novikov conjecture on 
higher signatures and the Kadison-Kaplansky idempotent conjecture. 
Meyer and Nest have reformulated the Baum-Connes conjecture using the lan- 
guage of triangulated categories and derived functors [20J . In this approach the left 
hand side of the assembly map is identified with the localisation hF of the functor 
F(A) = K*(G K r A) on the equivariant Kasparov category KK G . Among other 
things, this description allows to establish permanence properties of the conjecture 
in an efficient way. 

In addition, the approach in [20] is a natural starting point to study an analogue 
of the Baum-Connes conjecture for locally compact quantum groups. The usual 
definition of the left hand side of the conjecture is based on the universal space for 
proper actions, a concept which does not translate to the quantum setting in an 
obvious way. Following 20 , one has to specify instead an appropriate subcategory 
of the equivariant Kasparov category corresponding to compactly induced actions 
in the group case. This approach has been implemented in [21] where a strong form 
of the Baum-Connes conjecture for duals of compact groups is established. Duals 
of compact groups are, in a sense, the most basic examples of discrete quantum 
groups. 

In this paper we develop these ideas further and prove an analogue of the Baum- 
Connes conjecture for free orthogonal quantum groups. These quantum groups, 
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introduced by Wang and van Daele [33] , [3T] , can be considered as quantum analogs 
of orthogonal matrix Lie groups. If Q £ GL n (C) is a matrix satisfying QQ = ±1 
then the free orthogonal quantum group A (Q) is the universal C*-algebra gener- 
ated by the entries of a unitary n x n- matrix u satisfying the relations u = QuQ^ 1 . 
In this paper we will use the notation A Q (Q) = C* (¥0(Q)) in order to emphasize 
that we view this C*-algebra as the full group C*-algebra of a discrete quantum 
group. Accordingly, we will refer to ¥0(Q) as the free orthogonal quantum group 
associated to Q. In the case that Q = l n € GL n (C) is the identity matrix we 
simply write ¥0(n) instead of ¥0(l n ). In fact, this special case illustrates the link 
to classical orthogonal groups since the algebra C(0(n)) of functions on 0(n) is 
the abelianization of C f *(FO(n)). It is known [4] that the quantum group ¥0(Q) is 
not amenable if Q £ GL n (C) for n > 2. 

The main result of this paper is that ¥0(Q) has a 7-element and that 7 = 1 for 
Q G GL n (C) and n > 2. The precise meaning of this statement, also referred to 
as the strong Baum-Connes conjecture, will be explained in section [5] using the 
language of triangulated categories. However, we point out that triangulated cate- 
gories are not needed to describe the applications that motivated our study. Firstly, 
it follows that free orthogonal quantum groups are ^-amenable. This answers in an 
affirmative way a question arising from the work of Vergnioux on quantum Cayley 
trees [33] . Secondly, by studying the left hand side of the assembly map we obtain 
an explicit calculation of the X-theory of ¥0(Q). In the same way as in the case of 
free groups, the result of this calculation implies that the reduced group C*-algebra 
of ¥0(n) does not contain nontrivial idempotents. This may be regarded as an 
analogue of the Kadison-Kaplansky conjecture. 

Our results support the point of view that free quantum groups behave like free 
groups in many respects. By work of Vaes and Vergnioux (30) it is known, for 
instance, that the reduced C*-algebra C*(WO(n)) of ¥0(n) is exact and simple for 
n > 2. Moreover, the associated von Neumann algebra C(¥0(n)) is a full and prime 
factor. Let us note that, in contrast to the case of free groups, even the iT-theory of 
the maximal C*-algebras of orthogonal quantum groups seems difficult to compute 
directly. 

As already mentioned above, our approach is motivated from the work of Meyer 
and Nest [20]. In fact, the definition of the assembly map for torsion- free quantum 
groups proposed by Meyer in |19j is the starting point of this paper. We proceed by 
observing that the strong Baum-Connes conjecture for torsion-free quantum groups 
is invariant under monoidal equivalence. The theory of monoidal equivalence for 
compact quantum groups was developed by Bichon, De Rijdt, and Vaes [5]. We use 
it to translate the Baum-Connes problem for free orthogonal quantum groups into 
a specific problem concerning SU q (2). This step builds on the results in [5] and 
the foundational work of Banica 3] . The crucial part of our argument is a precise 
study of the equivariant KK-theoiy of the standard Podles sphere. By definition, 
the Podles sphere SU q (2)/T is the homogeneous space of SU q (2) with respect to 
the classical maximal torus T C SU q (2). Our constructions in connection with the 
Podles sphere rely on the considerations in [25] . Finally, the i£f-theory computation 
for ¥0(Q) involves some facts from homological algebra for triangulated categories 
worked out in [19] . 

Let us describe how the paper is organized. In section [5] we discuss some pre- 
liminaries on compact quantum groups. In particular, we review the construction 
of spectral subspaces for actions of compact quantum groups on C*-algebras and 
Hilbert modules. Section [3J contains basic definitions related to SU q (2) and the 
standard Podles sphere SU q (2)/T. Moreover, it is shown that the dual of SU q (2) 
can be viewed as a torsion- free discrete quantum group in the sense of [19 . The 
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most technical part of the paper is section2]which contains our results on the Podles 
sphere. In section[3]we explain the formulation of the Baum-Connes conjecture for 
torsion- free quantum groups proposed in |19] . Using the considerations from section 
|4]we prove that the dual of SU q (2) satisfies the strong Baum-Connes conjecture in 
section [Sj Section [JJ contains the definition of free orthogonal quantum groups and 
a brief review of the theory of monoidal equivalence for compact quantum groups 
[8]. In section[5]we show that monoidally equivalent compact quantum groups have 
equivalent equivariant -ftT-ftT-categories. This implies that the strong Baum-Connes 
property is invariant under monoidal equivalence. Due to the work in [8] and our 
results in sectionlHlit follows that free orthogonal quantum groups satisfy the strong 
Baum-Connes conjecture. Finally, in section [5] we discuss applications and conse- 
quences. 

Let us make some remarks on notation. We write L(£) for the space of adjointable 
operators on a Hilbert A-module 8. Moreover K(£) denotes the space of compact 
operators. The closed linear span of a subset X of a Banach space is denoted by 
[X], Depending on the context, the symbol (g> denotes either the tensor product of 
Hilbert spaces, the minimal tensor product of C*-algebras, or the tensor product 
of von Neumann algebras. We write for algebraic tensor products. For operators 
on multiple tensor products we use the leg numbering notation. 
It is a pleasure to thank U. Krahmer, R. Meyer, R. Nest and N. Vander Vennet for 
helpful discussions on the subject of this paper. 

2. Compact quantum groups and spectral decomposition 

Concerning the general theory of quantum groups, we assume that the reader is 
familiar with the definitions and constructions that are reviewed in the first section 
of [5S]. For more information we refer to the literature [2J, [17], QU, [2S], [57] - 
Unless explicitly stated otherwise, our notation and conventions will follow [2"5] 
throughout the paper. 

The purpose of this section is to explain some specific preliminaries on compact 
quantum groups. In particular, we discuss the construction of spectral subspaccs 
for actions of compact quantum groups on C*-algebras and Hilbert modules. 
Let G be a compact quantum group. Since G is compact the corresponding reduced 
C*-algebra of functions G r (G) is unital. A (unitary) representation it of G on a 
Hilbert space is an invertible (unitary) element u* £ L(G r (G) ®%^) satisfying 
the relation 

(A®id)(0 = < 3 ul 3 . 

That is, a unitary representation of G is the same thing as a unitary corepresenta- 
tion of the Hopf-C7*-algebra C r (G). 

Let 7r, r] be representations of G on the Hilbert spaces given by the invertible 

elements m" £ L(G r (G) £3 W^) and u v £ L(G r (G) ® respectively. An operator 
T in L('H 7r , Htj) is called an intertwiner between tt and 77 if (id®T)u ,r = u v (id®T). 
We will denote the space of intertwiners between "H T and by Mor(H 7r , 
The representations tt and rj are equivalent iff Mor('H 7r , T-L v ) contains an invertible 
operator. Every unitary representation of a compact quantum group decomposes 
into a direct sum of irreducibles, and all irreducible representations are finite di- 
mensional. Every finite dimensional representation is equivalent to a unitary rep- 
resentation, and according to Schur's lemma a representation it is irreducible iff 
dim(Mor('H 7r ,'H ff )) = 1. By slight abuse of notation, we will sometimes write G 
for the set of isomorphism classes of irreducible unitary representations of G. The 
trivial representation of G on the one-dimensional Hilbert space is denoted by e. 
The tensor product of the representations tt and 77 is the representation it ® 77 on 
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Hi? <g> H v given by ti 1 ®' = u\ z u\ 2 G L(G r (G) 7^0 % v )- The class of all fi- 
nite dimensional representations of G together with the intertwining operators as 
morphisms and the direct sum and tensor product operations yields a C*-tensor 
category Rep(G). This category is called the representation category of G. By 
construction, it comes equipped with a canonical C* -tensor functor to the category 
of finite dimensional Hilbcrt spaces. 

Let 7r be a finite dimensional representation given by u n G L(G r (G) H^), and 
let dim(7r) = dim('H 7r ) = n be the dimension of the underlying Hilbert space. If 
e\ , . . . , e£ is an orthonormal basis for we obtain associated matrix elements 
ulj G G r (G) given by 

U 7. = < e 7,„-( e -)). 
The corepresentation identity for corresponds to 

n 

fe=i 

for 1 < i,j < n. Conversely, a (unitary) invertible matrix u = (?%•) G M n (C (G)) = 
L(G r (G) C") satisfying these relations yields a (unitary) representation of G. 
The linear span of the matrix elements of 7r G G forms a finite dimensional coalgebra 
C[G],C C'(G). Moreover 

C [G] = C[G} n 

7TEG 

is a dense Hopf *-algebra C[G] C G r (G) by the Peter- Weyl theorem. In subsequent 
sections we will use the fact that similar spectral decompositions exist for arbitrary 
G-G*-algebras and G-Hilbcrt modules. In order to discuss this we review some 
further definitions and results. 

Let 7r be an irreducible unitary representation of G, and let uj^ be the matrix 
elements in some fixed basis. The contragredient representation 7r c is given by 
the matrix (u n )ij — ^(u^) where S is the antipode of C[G]. In general n c is 
not unitary, but as any finite dimensional representation of G it is unitarizablc. 
The representations ir and ir cc are equivalent, and there exists a unique positive 
invertible intertwiner G Mor(H 7r , "H^c) satisfying tr(i^) = tr(F~ 1 ). The trace 
of is called the quantum dimension of it and denoted by dim 9 (7r). 
With this notation, the Schur orthogonality relations are 

1 

dim 9 (7r) 

where ir, r\ G G and <f> : C '(G) — > C is the Haar state of G. In the sequel we shall 

fix bases such that F n is a diagonal operator for all ir G G. 

Let 7r be a unitary representation of G with matrix elements . The element 

dim(7r) 

i=i 

in G r (G) is called the character of 7r. The subring in G r (G) generated by the charac- 
ters of unitary representations is isomorphic to the (opposite of the) representation 
ring of G. 

Let us now fix our terminology concerning coactions. By an algebraic coaction of 
C[G] on a vector space M we mean an injective linear map 7 : M — > C[G] M such 
that (id 07)7 = (A id)7- For an algebraic coaction one always has (e id)7 = id 
and (C[G] 1)7(M) = C[G] M. Hence a vector space together with an algebraic 
coaction of C[G] is the same thing as a (left) C[G]-comodule. Accordingly one de- 
fines right coactions on vector spaces. 
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By an algebraic coaction of C[G] on a *-algebra A we shall mean an injective *- 
homomorphism a : A — ► C[G] A such that (id Qa)a = (A id) a. Accordingly 
one defines right coactions on *-algebras. A *-algebra equipped with an algebraic 
coaction of C[G] will also be called a G- algebra. 

Let G be a compact quantum group and let A be a G-G*-algebra with coac- 
tion a : A — > M(C'(G) A). Since G is compact, such a coaction is an injec- 
tive *-homomorphism a : A — >• G r (G) A satisfying the coassociativity identity 
(A id) a = (id0a)a and the density condition [(G r (G) l)a(A)] = G r (G) A. 
For 7r £ G we let 

Ar = {ae A|a(a) e C[G] W A} 
be the 7r-spectral subspace of A. The subspace A„. is a closed in A, and there is a 
projection operator p v : A — > A K defined by 

Pn(a) = {6-k id)a(a) 

where 

dim(7r) 

e v {x) = dim^Tr) £ (i^V^K;)*)- 

The spectral subalgebra S(A) C ^4 is the *-subalgebra defined by 

5(A) = 5 G (A) = 0Ar, 

and we note that S(A) is a G-algebra in a canonical way. From the Schur orthog- 
onality relations and [(G r (G) l)a(A)] = G r (G) A it is easy to check that S(A) 
is dense in A, compare [27] . 

In a similar way one defines the spectral decomposition of G-Hilbert modules. Let 
£a be a G-Hilbert A-module over the G-G*-algebra A. Since G is compact, the cor- 
responding coaction 7 : £ — > M (G r (G)0f) is an injective linear map £ — > G r (G)0£ 
satisfying the coaction identity (A id)7 = (id 07)7 and the density condition 
[(G r (G) 1)7(£)] = G r (G) £. For tt e G we let 

^ = {^^17(0 eC^ef} 

be the corresponding spectral subspace. As in the algebra case, the spectral sub- 
space E-k is closed in £, and there is a projection map : £ — > £„. 
By definition, the spectral submodule of £ is the dense subspace 

S(£) = £ w 

of £ . The spectral submodule S(£) is in fact a right 5(A)-module, and the scalar 
product of £ restricts to an <S(A)-valued inner product on S(£). In this way S(£) 
becomes a pre-Hilbert <S(A)-module. 

For a G-algebra A the spectral subspace A n for tt S G is defined in the same way. 
This yields a corresponding spectral decomposition of A, the difference to the C*- 
setting is that we always have S(A) — A in this case. The same remark applies 
to coactions of C[G] on arbitrary vector spaces. If H is another compact quantum 
group and M is a C[G]-C[if]-bicomodule, we will also write n M for the 7r-spectral 
subspace corresponding to the left coaction. 

Finally, we recall the definition of cotensor products. Let M be a right C[G]- 
comodule with coaction p : M — > M C[G] and N be a left C[G]-comodule with 
coaction A : N — > C[G] N. The cotensor product of M and is the equalizer 

M\3 C[G] N M N M C[G] N 



of the maps id 0A and p id. 
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3. The quantum group SU q {2) 

In this section we review some definitions and constructions related to SU q {2) 
[35] . Moreover we show that the dual discrete quantum group of SU q (2) is torsion- 
free in a suitable sense. Throughout we consider q 6 [—1, 1] \ {0}, at some points 
we will exclude the cases q = ±1. 

By definition, C{SU q {2)) is the universal C*-algebra generated by elements a and 
7 satisfying the relations 

a l = 11 a i a l* — <ll* a i 77* — 7*7: °* a + 7*7 — 1) aa * + <? 2 77* = !• 
These relations are equivalent to saying that the fundamental matrix 

a —qY 
7 a* 

is unitary. 

The comultiplication A : C(SU q {2)) C{SU q {2)) ® C(SU q (2)) is given on the 
generators by 

A(a) = a ® a — qj* ® 7, ^(7) = 7 ® a + a* (g> 7, 

and in this way the compact quantum group SU q {2) is defined. We remark that 
there is no need to distinguish between full and reduced C* -algebras here since 
SU q (2) is coamenable, see [5]- 

The Hopf *-algebra C[SU q (2)] is the dense *-subalgebra of C(SU q (2)) generated by 
a and 7, with counit e : C[SU q {2)} -)• C and antipode S : C[SU q (2)] C[SU q (2)] 
determined by 

e(a) = 1, e( 7 ) = 

and 

S(a) = a*, S(a*)=a, S(j) = -97, 5(7*) = -q^j*, 

respectively. We use the Sweedler notation A(x) = arn) €5 ^(2) f° r the comultiplica- 
tion and write 

/ ^ x = x {1) f(x {2} ), x J- f = f{x {1) )x {2 ) 

for elements x G C[SU q (2)] and linear functionals / : C[SU q (2)] — > C. 
The antipode is an algebra antihomomorphism satisfying S(S(x*)*) = x for all 
x G C[SU q (2)]. In particular the map S is invertible, and the inverse of S can be 
written as 

S~ 1 (x) = f 1 ^S(x)^f_ 1 
where /1 : C[SU q (2)] — >■ C is the modular character given by 

f 1 (a) = \q\-\ A(a*) = \q\, hh) = Q, /i(7*) = 

and /_i is defined by f-i(x) = f(S(x)). These maps are actually members of a 
canonical family (/ z ) z gc of characters. The character /1 describes the modular 
properties of the Haar state (j> of C(SU q (2)) in the sense that 

<j>(xy) = 4>{y{fi ^x^~ /1)) 

for all x,ye C[SU q (2)}. 

For q € (—1,1) \ {0} we denote by U q (sl(2)) the quantized universal enveloping 
algebra of s((2). This is the algebra generated by the elements E,F,K such that 
K is invertible and the relations 

KEK = q 2 E, KFK~ = q~ 2 F, [E, F] = -j- 
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are satisfied. We consider U q {s\(2)) with its Hopf algebra structure determined by 

A(K) = K ®K, A(E) = E <g> K + 1 <g> E, A(F) = F ® 1 + if" 1 © F 

e(JQ = 1, = 0, e(F) = 

5(F) = jr -1 , S{E)=-EK-\ S(F) = -KF 

and the ^-structure dchning the compact real form, explicitly 

K* =K, E* = sgn(q)FK, F* = sgn(q)K- 1 E 

where sgn(q) denotes the sign of q. Let us remark that in the literature sometimes 
a wrong *-structure is used in the case q < 0. 

There is a nondegenerate skew-pairing between the Hopf-*-algebras U q {s[{2)) and 
C[SU q (2)], compare |16j . In particular, every finite dimensional unitary corepre- 
sentation of C(SU q (2)) corresponds to a finite dimensional unital ^representation 
of U q (sl(2)). 

Recall that a discrete group is called torsion-free if it does not contain nontrivial 
elements of finite order. For discrete quantum groups the following definition was 
proposed by Meyer [TO] , 

Definition 3.1. A discrete quantum group G is called torsion-free iff every finite 
dimensional G-C* -algebra for the dual compact quantum group G is isomorphic to 
a direct sum of G-C* -algebras that are equivariantly Morita equivalent to C. 

In other words, according to definition ^. 11 a discrete quantum group G is torsion- 
free if for every finite dimensional G-C*-algebra A there are finite dimensional 
Hilbert spaces Hi, ■ . ■ ,Hi and unitary corepresentations Uj £ L(G r (G) <g> Hj) such 
that A is isomorphic to K(Hi) © • • • © K(7^) as a G-G*-algebra. Here each matrix 
block K(Hj) is equipped with the adjoint action corresponding to Uj. If G is a 
discrete group this is equivalent to the usual notion of torsion- freeness. 
Definition 13.11 is motivated from the study of torsion phenomena that occur for 
coactions of compact groups (21j . Hence it is not surprising that it also provides 
the correct picture for duals of (/-deformations. We shall discuss explicitly the case 
ofSU q (2). 

Proposition 3.2. Let q G (— 1, 1) \ {0}. Then the discrete quantum group dual to 
SU q {2) is torsion-free. 

Proof. The following argument was suggested by U. Krahmer. For simplicity we 
restrict ourselves to the case q > 0, the case of negative q is treated in a similar 
way. Let us assume that A is a finite dimensional S'£/ 9 (2)-C*-algebra with coaction 
a : A — > C(SU q (2)) eg) A. Since A is finite dimensional we may write A = M ni (C) © 
• • • © M ni (C). The task is to describe the coaction in terms of this decomposition. 
First consider the restriction of a to C(T). Since the torus T is a connected group, 
the corresponding action of T preserves the decomposition of A into matrix blocks. 
Moreover, on each matrix block the action arises from a representation of T. Hence, 
if we view A as a C/ g (sl(2))-module algebra, the action of K is implemented by 
conjugating with an invertible self-adjoint matrix k = ki © • • • © ki- Moreover we 
may suppose that k has only positive eigenvalues. With these requirements each of 
the matrices kj is uniquely determined up to a positive scalar factor. 
Next consider the skew-primitive elements E and F. From the definition of the 
comultiplication in U q (si{2)) we obtain 

E ■ (ab) = (E ■ a)(K ■ b) + a(E -b), F ■ (ab) = F(a)b + (R- 1 ■ a){F ■ b) 

for all a, b € A. Hence E and F can be viewed as Hochschild-l-cocycles on A with 
values in appropriate A-bimodules. Since A is a semisimple algebra the correspond- 
ing Hochschild cohomology groups vanish. Consequently there are e, / € A such 
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that 

E ■ a = ek~ x {K ■ a) - aek^ 1 

F-a = fa- (K- 1 ■ a)f 

for all a E A. It follows that E and F preserve the decomposition of A into matrix 
blocks. In particular, we may restrict attention to the case that A is a simple matrix 
algebra. 

Let us assume A = M„(C) in the sequel. Then e and / are uniquely determined up 
to addition of a scalar multiple of 1 and fc _1 , respectively. The relation KEK^ 1 = 
q 2 E implies 

k(ek~ 1 a — k~ 1 akek~ 1 )k~ 1 = kek~ 1 ak~ 1 — akek~ 2 = q 2 {eak~ 1 — aek^ 1 ) 

for all a G A and yields kek^ 1 — q 2 e = A for some A G C. If we replace e by 
e — A(l — q 2 )^ 1 we obtain kek^ 1 = q 2 e. Similarly we may achieve = q~ 2 f, 

and we fix e and / such that these identities hold. The commutation relation for 
E and F implies 

[e{fa - k^akf)^ 1 - {fa - k^ak^ek- 1 ^ 

f{eak~ 1 — aek" 1 ) — k^ 1 {eak^ 1 — aek~ x )kf 



= {ef - fe)ak- 1 - k^a^f - fe) 
1 



q-q 1 



kak 1 — k 1 ak 



As a consequence we obtain 

e / - / e — = ~ k 

q-q 1 q-q 

for some constant /x. In fact, since k has only positive eigenvalues the scalar /j is 
strictly positive. Replacing k by Xk and e by Ae with A = yT x l 2 yields 

e,/ = —■ 

q-q 1 

It follows that there is a representation of U q {s\{2)) on C™ which induces the given 
action on A by conjugation. 

We have {E ■ a)* = -F ■ a* for all a G A and hence 

a*{e*-kf) = {e*-kf)a* 

which implies e* — kf — v for some v G C. Conjugating with k yields 

v = k-\e* - kf)k = {kek- 1 )* - q 2 kf = q 2 {e* - kf) = q 2 v 

and thus v = 0. It follows that the representation of U q {sl{2)) given by e, / and k 
is a ^-representation. We conclude that there exists a unitary corepresentation of 
C{SU q {2)) on C n which implements the coaction on A as desired. □ 
Let us next discuss the regular representation of SU q {2) for q G (—1, 1) \ {0}. We 
write L 2 {SU q {2)) for the Hilbcrt space obtained using the inner product 

(x,y) = (l>{x*y) 

on C{SU q {2)). By definition, the regular representation on L 2 {SU q {2)) is given by 
the multiplicative unitary W G h(C{SU q {2)) ® L 2 {SU q {2)). 

The Peter- Weyl theory describes the decomposition of this representation into ir- 
rcducibles. As in the classical case, the irreducible representations of SU q {2) are 
labelled by half- integers I, and the corresponding Hilbert spaces have dimension 
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21 + 1. The matrix elements itg with respect to weight bases determine an orthog- 
onal set in L 2 (SU q (2)). Moreover, if we write 

q a - q- a 
a = — 



q-q 1 



for the q- number associated to a 6 C, then the vectors 

eg = <f[2Z + l] M3 

form an orthonormal basis of L 2 (SU q (2)), compare [16] . 

The regular representation of C(SU q (2)) on L 2 (SU q (2)) is given by 

a eg = a+(l,i,j)e\ l \ 2 ) 1 + a-{l,i,j) 

u b 2 ->J 2 L 2 'J 2 

7eg=c + a ) i,i)e^_ | + C _G,i,i)e^, 
where the explicit form of a± and c± is 

(1 _q4Z+2)2(l -^+4) 

a-ihhJ) = 1 1 — 

(l-q 4J )2(l- g 4i + 2 )2 



2 



and 



(1 - g 4i + 2 )2(l -q4i+4)2 



(l- g 4i )2(l- g 4i + 2 )2 

Note here that a_(Z,i,j) vanishes if i = — I or j = —I, and similarly, C—(l,i,j) 
vanishes for i = I or j = —I. We obtain 



a' e-j = a+(l - §,« + ±, j + |) e} +i ^ +i + a_(Z + i,i + i, j + §) e; + i" i+ j 



and 



7 * eg. = c + (/ - i,< - i j + I) e^L + c-(l + h i ~ h 3 + I) 



2' 2 



for the action of a* and 7*, respectively. Let us also record the formulas 

«S* - (-i) 2 ' +i+ v-^u 

and 

eg* = (_i)2W+V+i e « _. 

for the adjoint. 

The classical torus T — S 1 is a closed quantum subgroup of SU q (2). Explicitly, 
the inclusion T C SU q (2) is determined by the *-homomorphism 7r : C[5£/ 9 (2)] — > 
C[T] = C[^, given by 

7r(a) = z, tt(7) = 0. 

By definition, the standard Podles sphere SU q {2)/T is the corresponding homoge- 
neous space [55]. In the algebraic setting, it is described by the dense *-subalgebra 
C[SU q {2)/T] cC{SU q {2)/T) of coinvariants in C[SU q (2)} with respect to the right 
coaction (id(g>7r)A of C[T}. Equivalently, it is the unital *-subalgebra of C[SU q (2)} 
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generated by the elements A — 7*7 and B = a*j. These elements satisfy the 
relations 



A = A*, AB = q BA, BB* = q~ A(l — A), B*B = A(l - q 2 A), 



and we record the following explicit formulas for the action of A and B 011 L 2 (SU q (2)) 



for q e (-1, 1) \ {0}. Firstly, 

7*7eS=7*(c + (M,i)e^_ |+C -(M,i) e^f._^ 

= c+(l- l,i,j)c-(l,i,j) e^ 1] + (c + (l,i,j) 2 + c_(M, j) 2 ) eg 
+ c_(Z + l,M> + (M,j) eg +1) 

= _ ?2i+i+i -l (1 - q 2l - 2 ^(l q 2l+2l )kl q 2l + 2 ^(l q 21 ^ ^-1) 
(l-q il - 2 )h(l- q ^){l-q^)\ 
f 2l+2j (l- q *-V+2)(l- q *+2i+*) 2l+2i il _ q 2l + 2 j){1 _ q 2l-2i ) 

V (l_ g 4i+2)( 1 _ g 4i+4) +9 ( X -qU)(l -qU+2) I H 



(') 



q2l+i+j+1 (1 - q^+^jl - g^-2 J - +2) | (1 _ g2i+2 , +2) | 

(l_ g 4i+4)( 1 _ g 4i+6)|( 1 _ e 4i+ 2 )| 



determines the action of A. Similarly, we get 



a+(Z - + 1, j)c_(2,i, jX^j 



+ (a+(l,i + l,j)c + (l,i,j) +a-(l,i+ l,j)c-(l,i,j)jefl hj 
+ a-(l + l,i+l,j)c+(l,i,j)ef+V 

3l+2i+j (1 - q ^)h { l - g 2«-2i- 2) ^ (1 _ g 2 i+2j ^ (1 _ q 2l-2i^ (J-1) 
9 1 1 e i+l,j 



(l-g4i-2)2(l-g4i)( 1 _ 5 4;+2)2 

r-i „2i+2^ 



(1 - g 2 '+ 2 ^)(l - q 2l + 2i + 2 )2(l - q U-^) 



(1 - q 4l )(l - q 4l + 2 ) 

_ Sl +i+ 2 j+ 2 (1 - g 2 '- 2j+2 )(l - q 2l - 2 ^(l q 2 ^ 2 )\ \ {l) 
1 (l-q 4i + 2 )(l-g 4i + 4 ) y e i+l,J 

;+ . (1 _ g2 t+ 2 j+ 2 ^( 1 _ g2 t+ 2 i +4 ^ (1 _ g2 ;- 2j+2 ^ (1 _ g2i+2i+2|j 

~ 9 11 e »+l,j 

(1 - g 4; + 4 )(l - g 4 '+ 6 ) 2 (l - q 4 '+2) 2 

for the action of B. 

In the sequel we abbreviate SU q (2) = G q . If denotes the irreducible represen- 
tation of T of weight k G Z, then the cotensor product 

T(£ k ) = T(G q x T C fc ) = C[G g ]D c[T] C fe c C[G,] 

is a noncommutative analogue of the space of sections of the homogeneous vector 
bundle G x T Cfc over G/T. The space T(£k) is a C[G g /T]-bimodule in a natural 
way which is finitely generated and projective both as a left and right C[G q /T]- 
module. The latter follows from the fact that C[G q /T] C C[G q ] is a faithfully flat 
Hopf-Galois extension, compare [25] . 

We denote by G(£ft) the closure of r(£fc) inside C(G q ). The space C{£k) is a G g - 
equivariant Hilbcrt C(G q /T)-module with coaction induced by comultiplication. 
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We write L 2 (£k) for the G g -Hilbert space obtained by taking the closure of T(£k) 
inside L 2 (G q ). 

Let us recall the definition of the Drinfeld double D(G q ) of G q . It is the locally 
compact quantum group determined by Gq(D(G 9 )) = C(G q ) <g) C*(G q ) with comul- 
tiplication 

A D (g,) = (id ®a ® id) (id® ad (VF) ® id) (A ® A). 
Here ad(PF) denotes the adjoint action of the left regular multiplicative unitary 
W e M(C(G q ) <g> C*(G q )) and a is the flip map. 

Observe that both C(G q ) and C*{G q ) are quotient Hopf-C*-algebras of C (D(G q )). 
It is shown in 25 that a D(G 9 )-G*-algebra A is uniquely determined by coactions 
a : A -> M(C(Gg)®^) and A : A ™> M(C*(G q ) <g>A) satisfying the Yetter-Drinfeld 
compatibility condition 

(cr <g> id)(id<g)a)A = (ad(W) O id) (id OA) a. 

In a similar fashion on can study D(G 9 )-equivariant Hilbcrt modules. For instance, 
the space G(£&) defined above carries a coaction A : C(£k) — > M(C*(G q ) ® C{£k)) 
given by A(/) = VF*(1 ® /)W^ where W = SWS. Together with the canonical 
coaction of C(G q ) this turns C(£k) into a D(G g )-equivariant Hilbert C(G q /T)- 
module. 

4. EQUIVARIANT ifif-THEORY FOR THE PODLES SPHERE 

In this section we study the equivariant KK-theory of the standard Podles sphere 
SU q (2)/T. Background information on equivariant KK-theory for quantum group 
actions can be found in [T] , [3S] . Most of the ingredients in this section have already 
been introduced in [2 5) in the case q € (0, 1). However, for the purposes of this paper 
we have to allow for negative values of q. In the sequel we consider q E (— 1, 1) \ {0}, 
and as in the previous section we abbreviate G q = SU q (2). 

Let us first recall the definition of the Fredholm module corresponding to the Dirac 
operator on the standard Podles sphere G q /T, compare [TT], [3S]. The underlying 
graded G g -Hilbert space is 

H = Hx® H-i = L 2 (£i) © £ 2 (£-i) 

with its natural coaction of C(G q ). The covariant representation tj> of C(G q /T) is 
given by left multiplication. 

We note that Hi and H-% are isomorphic representations of G q due to Frobenius 
reciprocity. Hence we obtain a self-adjoint unitary operator F on H by 




if we identify the basis vectors e\ ^ 2 and e\ _i/2 m ^ anc ^ ^-l; respectively. Us- 
ing the explicit formulas for the generators of the Podles sphere from section [3] one 
checks that D = (%, (f>, F) is a G g -equivariant Fredholm module defining an element 
mKK G *(C(G q /T),C). 

Our first aim is to lift this construction to D(G g )-equivariant iif if -theory where 
D(G 9 ) denotes the Drinfeld double of G q as in section [3] We recall that the G*- 
algebra C(G q /T) — indl^C) is naturally a D(G g )-G*-algebra [25]. The corre- 
sponding coaction C(G q /T) -> M(C*(G q )®C(G q /T)) is determined by the adjoint 
action 

h-g = h {1) gS{h {2 )) 

of C[G q ] on C[G q /T}. 

The following lemma shows that the Hilbert spaces L 2 (£k) become D(G 9 )-Hilbert 
spaces in a similar way. 
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Lemma 4.1. For every k G Z the formula 

<*>(£)(£) = £(i)£/i -" ^(2)) 

determines a *-homomorphism uj : C(G q ) — > h(L 2 (£kj) which turns L 2 (£k) into a 
D(G q )-Hilbert space such that the representation of C(G q /T) by left multiplication 
is covariant. 

Proof. Let us write H = L 2 (£k) and define a map us : C[G q ] — > L("H) by the above 
formula, where we recall that /i : C[G q ] — > C denotes the modular character. For 
£ G r(£fc) one obtains 

(id(g)7r)A(w(a:)(0) = (idm)A{x (1) Ui 5(a: (2) )) 

= Z(i)£(i)S(x (4) ) ® 7T(iT(2)C(2)/l ^ S(Z(3))) 

= a; ( i)$(i)S , (a;(4)) ® 7r(a; ( 2))7r(£ ( 2))7r(/i S^))) 

= ^(i^SX^)) ® 7r(a;(2)/i S{x {3) ))z k 

= X(i)€S(x(4-)) ® 7r(5 _1 (a;(3)) ^- /i)7r(a; ( 2))z fe 

= i ( i)(5(s (3) ) ® 7r(/_ 1 (a; (2) )l)z fe 

= Z(i)£/i ^ 5(a; (2) ) ® z fe 

= w(a;)(e)®z' £ 

using that C[T] is commutative and S~ 1 (x) = /i — S(a;) /_i for all a; G C[G g ]. 
It follows that the map uj is well-defined. Using f\ x* = (/_i — ^ a;)* and the 
modular properties of the Haar state <j) we obtain 

= Hix^h - s(xi 2) )y v ) 
= <P((x* w zf 1 ^s- 1 (x {2) yyr 1 ) 

= Hf-i S-^x^CxiDfl) 
= <f>(S(x {2) ) - f-^x^v) 
= <f>(Cx(i)Vfi S{x {2) )) 

= (ZM*){v)), 

and this shows that oj defines a *-homomorphism from C(G q ) to h(H). We deduce 
that to corresponds to a coaction A : H — > M(C*(G q ) ® "H), and A combines with 
the standard coaction of C(G q ) such that % becomes a D(G g )-Hilbert space. 
Recall that the action oiC{G q /T) on H by left multiplication yields a G g -equivariant 
*-homomorphism : C(G q /T) -> L('H). We have 

w(a;)(<Hsr)(0) = X(i)9tfi S(x {2) ) 

= x w gS(x( 2 ))x(3)£fi ^(a;^)) 

= 0(«(i) -5)(w(a; ( 2))(0) 

for all a; G C[G g ], <? G C[G g /T] and £ G and this implies that is covariant with 
respect to A. □ 
We shall now show that the Fredholm module constructed in the beginning of this 
section determines a D(G 9 )-equivariant K K -element. 

Proposition 4.2. Let q G (—1,1) \ {0}. The Fredholm module D defined above 
induces an element [D] in KK D ^ G ^(C(G q /T),C) in a natural way. 
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Proof. We have to verify that F commutes with the action of D(G g ) up to compact 
operators. Since F is G 9 -equivariant this amounts to showing 

(C*{G q ) 1)(1 ® F - ad A (F)) c C*(G q ) ® K(H) 

where A : H -> M(C*(G q ) ® 'H) is the coaction on W = Hi © H_i defined in 
lemma 14.11 It suffices to check that F commutes with the corresponding action 
cj : C{G q ) — > L(W) up to compact operators. This is an explicit calculation using 
the formulas for the regular representation from section [3l In fact, we will obtain 
the assertion as a special case of our computations below. It turns out that F is 
actually D(G g )-equivariant. □ 
In the sequel we need variants of the representations defined in lemma 14.11 Let 
t G [0, 1] and consider the representation ir t of C[G g ] on T(£k) given by 

it (?)(£) = x (i)Ut S{x (2) ) 

where ft : C[G q ] —> C is the modular character given by /t(ct) = \q\ l a and ft(l) = 0. 
This action has the correct algebraic properties to turn L 2 (Sk) into a D(G 9 )-Hilbert 
space except that it is not compatible with the ^-structures for t < 1. In order to 
proceed we need explicit formulas for the action of the generators. 
More precisely, a straightforward computation based on the formulas for the regular 
representation in section [3] yields 

T*(«)(e8) = M'aega* + kr^Vegl 

= MWG, -j) (m* + h 1 + h j + D e & +1) + M« + 3,* + 3,i + |hg) 

+ MV^-G, -*, -j) - + 2'i + §) e S +a-{l-\,i + \,j+ IK^) 

- {qr^c+il -i-i- §, -j + |) fc+(Z - j)eg7 1} + c_(Z, i, j)eg) 

- [ 9 |-V 2 c_(Z + |, -t - i, -j + i) fc + (Z,i, j)eg + c_(Z + eg +1) ) 
and 

7r t (a*)(eg) = |g|-Veg ) a+| ? |V|- ) 7* 

= kr^a+G - |, -i+ i -j + |) fo+(i - l,i,j) eg- 1} + a_(l,i, j) eg) 
+ |g|-*ga-(i + |, -* + i -j + 3) i, i) eg + M* + M,i) eg +1) ) 

- |g|*C4.(Z, -i, -j) (c+(Z + |,i - |, j + |) eg +1) + c_(i + ~, i — ~,j + \) eg) 

- |g|*c_(|, -i, -j) (c + (/ - Ij + I) eg + c_(Z - ±,i - ±, j + ±) eg^) . 
Similarly we obtain 

Tt(7)(eg ) ) = M t 7e!?«*-M-Veg ) 7 

= |g| WG, -i, -i) (c+(Z + 5 ,i + |,i + |) eg+g + c_(Z + \,i + |, j + \) eg 1( .) 
+ M'g-'M*. -i, -j) (c+(Z - |,i + |, j + i) eg^ + c.(l - \,i + \,j + ±) eg"g) 
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+ M-V+G -h-i-h -3 + I) (<*+(* - 1. * + 1. i) e !+i!j + * + 1. J) egij 
+ |«|-*gc_(J + 5, -* - i -i + 3) («+(*> z + !» J") e i+i,j + o-(i + 1,* + 1, j) e, ( 



(«+i) 



and 

7rt(7*)(ei?) = |«|-Vei?a-|g|*«- 1 aegV 

= M"W* - |, -i + |, -j + \) (c+(l - 1,* - l,i) eti'J + c_(i, * - 1, j) 

+ |«|-*ga_(J + §, -i + §, -J + \) (c+(l,i- 1, j) ej^j + c_(/ + l,i - 1, j) e^}) 

+ M'g-'M*. -i, -j) (a+(Z + i) e^j + a_(Z + £,i - ±, j + \) 

+ MV^-tf, -i, -. ? ) (a+(Z - |,i - ±, j + ±) e<\ j +a.{l-\,i- \,j + ±) ej^j) 

This may be written in the form 

M a )( e ij) = a>i(t,l,i,j)ei,j~ 1) +ao(t,l,i,j)ef^ + a-i(t,l,i,j)efj 1) 
^(«*)(eg) - b 1 (tJJJ)ef+ 1) +b (t,l,i,j)ef} + b. 1 (t,l,i,j)efj 1) 
7r*(7)(e-']) = ci(t,«,i,j)e^] +c (i,Z,i,i)e^ 1;j +c_i(t,/,i,j)e^j 



where 

4i+3 (1 _ g 2 t+ 2 3+2) | (1 _ g 2 ;+2 , +2) | (1 _ g 2 t - 2j - +2) | (1 _ g 2 t -2i + 2)^ 

a,l{t, I, l, JJ — \q\ q 1 1 

(1 - q U+2)2 (1 - - ^+6)2 

_ | g |-t g 2I+3 (1 - g 2 '- 2 J+ 2 )^(l - g 2l+2«+2)|( 1 _ g 2;+2 J+ 2^ (1 _ g 2i-2i+2)§ 

(1 - q 4i + 2 )2-(l - g4i+4)( 1 _ g 4i+6)2 

. . n _ « 2 '+ 2 j+ 

ao(t,l,i,j) = \q\ q 



|t 2J _ W (l-g 2 ^+ 2 )(l- 9 2 '+ 2 -+ 2 ) 
(l-g 4 '+ 2 )(l-g 4i + 4 ) 

MV «4, + , (l-g 2, -^)(l-g 2, - M ) 



+ |g|-*g 2i+i - J '+ 2 



| g |-yi-i +J -+2 



(l- g 4 ')(l-9 4 '+ 2 ) 
(1 - q 2l +V)(l - q 2l ~ 2i ) 



(1 -q Al ){l -q Al + 2 ) 

(1 _ g2 ;- 2j+2)(1 _ g2 ;+ 2t+2) 
(1 -g 4J + 2 )(l -g 4i + 4 ) 



(1 - g 2 '-^)! (1 - g 2 ^) 2 (1 - g 2 ^). (1 - g 2 '+ 2 >)2 

a -i{t,i,i,j) = \q\ q j j 

(1 - g 4Z )(l - ? 4/+2 )2 (1 - g 4; - 2 )2 

_ M -ym (1 - g 2l+2 >)hi g*- 2i )ki g 2l - 2 nki g 2l+2 T 2 

(l-q 4t )(l-q 4l + 2 )^(l-q il - 2 )^ 
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and 



^_ q 2l-2 j+ 2^^_ q 2l-2i+2^(l- q 2l+2j+2^^_ q 2l+2i+2^ 

hit, I, l, j) = \q\ q j j 

(1 - g 4( + 2 )2(l - g 4;+4)(i _ q iW)2 

_ | g | tg 2i+l (1 - q 2 '+ 2 J+ 2 )5 (1 - g 2i-2i+2)| (1 _ g 2i-2j+2^ (1 _ g 2i+2»+2^ 
(l_ g «+2)|(l_ 9 «+4)( 1 _ 9 «+6)| 

6o(*.i.*.j)-M 9 (l-g 4 ')(l-g 4 '+ 2 ) 

, | d - t3 2 W+?+2 (l- g 2 '- 2j+2 )(l- g 2 '- 2t+2 ) 

m q (l-g 4i + 2 )(l-g 4 '+ 4 ) 

Cl - a 2l+2j+2 Ml - a 2l - 2l + 2 ) 

+ M V' + *~ J — — 

mq (l-g 4 '+ 2 )(l-g 4i + 4 ) 



lt _ 2 ^ + , (l-g 2 '- 2j )(l-g 2 ' +2i ) 



(l-g 4; )(l-g 4 <+ 2 ) 

Maw - nrv™ ('-^('-^(^^a-^ 1 -)* 

(l- g 4 ')(l-9 4 '+ 2 ) 2 (l-<z 4 '- 2 ) 2 

_ (1 - g 2 '- 2 ^)l(l - g 2 '+ 2 ')^(l - g 2 '+ 2 J)5(l - g 2 '- 2 ^ 

(l- (? 4 ')(l-9 4 '+ 2 )5(l-( Z 4i - 2 )5 



similarly 



, , ~ _ U t n Sl-i + l (1 - g 2 '+ 2 J + 2 )2 (1 - g W2)2- (1 - g 2 ^+ 2 )2 (1 - q ^ l+i y 2 
Ci(l, I, l,J) — \q\ q 1 ^ 

(1 - g 4 '+ 2 )2(l - g 4 '+ 4 )(l - g 4 '+6)2 

+ M _ V~ i+1 (1 - g 2 '- 2j+2 )^(l - g 2 '+ 2t+2 )^(l - g 2 '+ 2 J+ 2 )2-(l - g 2 '+ 2 »+ 4 )I 

(l_g«+2)|(l_ 9 4I+4)( 1 _ 9 «+6)| 

cnfi i i ,•) - mv<- +i a-g 2 ' +2j+2 )a-g 2 ' + " +2 )^(i-^)^ 

co^,*,«,jj - \q\ q (i -g 4i + 2 )(i -g 4 '+ 4 ) 

_, |t ^^ (l-^Ki-g 2 '- 2 -)^!-^ 2 ^ 2 )^ 

1919 (l-g 4 ')(l-g 4 <+ 2 ) 
_ M - V -,+i (l-9 2 ' +2j )(l-g 2 '- 2t )^(l-g 2 ' +2 ' +2 )^ 



(i-g 4i )(i-g 4i + 2 ) 

t 3; + ?+3 (1 - g 2 '- 2 -> +2 )(l - g 2 '+ 2 *+ 2 )^(l - g 2 '- 2 ^ 
191 9 (l-g 4 '+ 2 )(l-g 4 '+ 4 ) 

=-,«,«,«) - -^- M )*o-«' w ') i a -«-'")* 

(l-g 4 <)(l-g 4 '+ 2 ) 2 (l-g 4 '- 2 ) 2 

_ \ ql - V l + i + l (1 - g 2 ' +2 ^(l - g 2 '' 2 *)^! -q 2l - 2 nkl - q 21 - 2 *- 2 ) 1 * 

(l-g 4 ')(l-g 4 '+ 2 )^(l-g 4( - 2 )5 
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and 

(1 - g 4 '+ 2 )2(l - q»+4)(l - g 4/+6)2 

_ | g | tg 3i+i+l (1 -q 2l+2l+2 )hl -q 2l - 2l+2 )^(l -g 2 '- 2 J+ 2 )^(l -g2t-2i+4^ 

(l_g4I+2)5( 1 _ g 4I+4)( 1 _ g 4J+6)| 

d {t,l,l,j)-\q\ q __________ 



-191 



* J+i+i 



(1 - q 2l - 2 i+ 2 )(l - q 2l - 2i + 2 )h(l - (? 2( + 2l )5 
(l-g 4 '+ 2 )(l- g 4 '+ 4 ) 



MV 



„ x (1 - g 2 '+ 2 ^+ 2 )(l - g 2 '- 2j+2 )5(l - g 2i + 2 *)5 

(1 -g 4i + 2 )(l -g 4 <+ 4 ) 



3J+ ._ 1 (l- g ^)(l-^+")2(l- g «-2i + 2)2 

+ I<ZI<Z (l-g 4 ')(l-? 4 ' +2 ) 

(1 - g 4i )(l -g 4i+2 )2(l -g 4i - 2 )2 
+ v _ < _ 1 (1 - q 2 ^)-2(l q 2l+2 *)kl q 2l+2 nkl q 2 ^ 2 ^ 

(l-g 4i )(l-9 4(+2 )^(l-g 4i - 2 )^ 

Let us now set 

|g|-y - \q\*q 21 g 2 - | g | 2t g 2 ' 



m(t, I) = 



\q\t - \ q \-t q 2l+2 \ q \2t_ q 2l+2 



for t 6 [0, 1] and I G N. Note that m(l, Z) = 1 for all Z if we interpret m(l, 0) = 1. 
We define 

= m{t,l + oi(t,/,i,0) 
A (t,Z,i) = a (t,l,i,0) 

A_i(t, I, i) = m(t, l)% a-i(t, I, i, 0), 

and by rescaling bfc(t, Z, i, 0), Cfc(i, /, i, 0) and dk{t, I, i, 0) for k = — 1, 0, 1 in the same 
way we obtain constants I, i), Ck(t, I, i) and Dk(t, I, i). Inspection of the formu- 
las above shows that the expressions X\(t, 0, 0) for X = A, B, C, D are well-defined 
and depend continuously on t £ [0, 1] although m(0, 1) = 0. 

Lemma 4.3. Let q e (-1, 1) \ {0}. For t e [0, 1] the formulas 

c*(a)(eg) = A 1 (t, I, i)ef^ + A (t, /, i)eg + ^(t, Z, i)^ 
^("*)(e|fo) = Bi(t, I, i)ef,o 1] + B Q (t, I, i)eg + B_i(t, I, i)^^ 

Wt(7)(eS) = C 1 (i,/,i)e^+5 + C {t,l,i)e® 1>0 + CUftMK^ 
w*(7*)(eS) = £>i(*. I, OeiS + A>(*, I, i)e&, + I>-i(t, J, i)e£# 
define a *-homomorphism uj t : C(G q ) — > L(L 2 (£ ))- 
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Proof. The main point is to show that uj t is compatible with the ^-structures. In 
order to prove Wt(a)* = Lo t {ot*) we have to verify 

A 1 (t,l,i) = B_!(t,l + l,i) 
A (t,l,i) = B (t,l,i) 
A- 1 (t,l,i) = B 1 (t,l-l,i). 

We obtain 

m(M + lM(t,U) = (MY'+ 3 - krv ;+3 )x 

(1 - q 2t+2 )(l - q 2l+2l+2 )\(l - q 2l - 2 ^ 2 )\ 
(1 - g«+2)5(l - g4'+4)(l - g 4;+6)| 

and 

m(t, i + i + 1, i, 0) = ^T5^2lTi x 

(i _ n 2l+2\(-i _ 2l+2i+2\2(l _ n 2l-2i+2\2 
(\q\-V l+5 \q\ V' +1 )^ ^— ^ ^ j— ^— -. 

(1 - 9 4i + 4 )(l - g 4/+6)2 (1 - g4J+2) 3 

Similarly we find 

(-1 _ n 2l+2\(-i _ 2Z+2j+2\ 
A ft 7 i\ — (\n\ t n 2l ~ i 4- \n\- t n 2l - i + 2 \ \l " ^ j i 

i4o(*,t,*;-(|g| « +M 9 J ( 1 _ g 4;+2)( 1 _ 9 4/+4) 

+ (MV' +l + | q r^ 2 '+'+ 2 ) (1 ~ g2 ' )(1 ~ g2 '" 2 ' ) 

(1 _ „2(+2j+2\ 

= (klV'- i + M-V'- i+2 ) ( q 



{l + q 2l + 2 ){\ - q il + 2 ) 
+ (\q\ t q 2l+i + \q\- t q 2l+i+2 )- 



(1 - q 2l - 2i ) 



(l + q 2l )(l-q il + 2 ) 
and hence 

(l + ^)(l + 9 2 ' +2 )(l-^ +2 )Ao(i,M) 

= (I«|V ,_< + M~V _i+2 )(i - <? 2;+2i+2 )(i + <? 2 ') 
+ (MY /+i + |«rV ,+i+2 )(i - g 2 ^ 2i )(i + <? 2 '+ 2 ) 

= (MY'"* + |<z|-*9 2 '- i+2 )(l - <Z 2 ' +2J+2 + </ 2 ' - q il+2i+2 ) 

+ (|g|V' +< + M _ V ,+i+2 )(i - g 2 '- 2 * + <? 2 '+ 2 - <7 4 '- 2j + 2 ) 
= |«| V _< - <z 4W+2 + q il ^' - q m+t+2 

+ M~ V'~ i+2 - q il+l+i + q il ~ t+2 - q el+t+i 

_|_ ^2Z+j+2 _ qil-i+2 _|_ ^4/+j+4 _ ^67-i+4j 

- M V _< - g 6i+J+2 + <z 2 ' +i - q 6l - t+2 ) 

+ kr*(? 2i_i+2 - g 6i+ *+ 4 + q 2l+l + 2 - q 6l - i+4 ) 



18 



CHRISTIAN VOIGT 



Conversely, 

(■■I _ 2Z+2 Wi _ 2l-2i+2\ 

Bo (t, i, i) = (\ q \-y^ + w^ v^l^^l^ 

(\ q Y'-'^ + \ q \' q - 



(l-q 2l )(l-q 2l + 2 *) 



(| g |-* g M+i+2 + l q \t q 2l +i) 



-t q 2l-i+2 + \ q \tjU-i) 



' (l-g 4 ')(l-g 4 '+ 2 ) 

(1 - g 2 '- 2 »+ 2 ) 
(1 -0 4i + 2 )(l + 2i + 2 ) 
(1 - q 2l + 21 ) 



(1 + g 2Z )(l - g 4 '+ 2 ) 
and hence 

(i + g 2i )(i + g 2 ' +2 )(i-g 4i+2 )Bo(t,U) 

= (M-y<+*+ 2 + MV i+i )(i - g 2 '- 2i+2 )(i + q 21 ) 

+ (k|-Y'- i+2 + klY^Xi - ? 2 ' +2i )(i + <z 2i+2 ) 

= (kr 4 9 2 ' +J+2 + MY' +i )(l - 9 2 '- 2i+2 + g 2 ' - g 4 '- 2j+2 ) 

+ (kl"*« 2 '" i+2 + |«|V' _< )(1 - ? 2 ' +2i + 9 2i+2 - q il+2l+2 ) 

= \q\ t {q 2l+l - q il - t+2 + q il+l - q & - t+2 
_|_ ? 2/-i _ q 4l+i _|_ ? 4J-j+2 _ ? 6i+i+2j 

+ M" V' + ' +2 - 9 4 '- J+4 + <7 4 ' +J+2 - q 6l - t+i 
_|_ g2Z-j+2 _ ^4Z+«+2 _|_ q il-i+i _ ? 6i+i+4j 

- M - q 6l - t+2 + q 21 - 1 - q 6l+l+2 ) 

+ \q\~\q 2l+i+2 - q 6l - l+4 + q 2l ~ l+2 - q 6l+l+i ). 



Finally, 



(W V - M -y. + V'-» 2 'Xi-^- 2 'W-« w f 

(l-(Z 4i )(l-9 4 '+ 2 )2(l-(Z 4i - 2 )2 

and 

m( t ,o»afti - m,o) = (nr. - mv-) "-' 2 '" 1 ;^ 2 '' 1 "-^ 2 ? . 

(l- g 4 '- 2 )2(l-g4i)( 1 _ (? 4;+2)2 

One verifies 0^(7)* = ut(j*) in a similar fashion. It is then easy to check that the 
operators u t (a) and ujt(j) satisfy the defining relations of C(G q ). □ 

Lemma 4.4. Let q € (— 1, 1) \ {0}. for I ^ oo the expressions 

|ai(l,M,±l)- Ai(M,OI>o(l,M,±l)U^(M,i)l>-i(l,M,±l)- 4-i(t,M)l 
and 

| Cl (l, Z, ±1) — d |c (l, Z, z, |C (i, ^ *)|, |c_!(l, Z, ±1) — Z, i)| 

tend to zero uniformly for t G [0, 1] and independently of i. 

Proof. Since the constants <x/c(l, I, i, j) and Cfc(l, Z, i, j) for fc = — 1, 0, 1 are symmet- 
ric in the variable j we may restrict attention to the case j = 1. 
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The estimates involving A\, Aq and ao are easy. For A_i it suffices to consider 

1 1 



m(f,z)*krg 



, _! (1 - g 2 ')(l - 9 2i - 2t )2 (1 - a 2i+2i )2 



which reduces to 

(MY* 



(1 - Q 4 ')(l - ? 4 '+ 2 )^(l - g 4 '- 2 )^ 
.! (1 - 9 2i - 2 )l(l - g 2, - 2i )3(l - 9 2 '+ 2 )I(l - g 2i + 2 *)3 



(1 - g 4i )(l - ? 4 '+ 2 )5(l - ^-2)5 



-Y) 



(|g|-V'+ 2 - |g|*) 
It is enough to estimate 

MY' - kl"Y 



t„2i+2 



rM*(i-5 2 ')-M(i-? 2 '- 2 )5(i-^ +2 )5 



k| 2t (l-9 2i ) 2 -k| 2 (l-9 2 '- 2 )(l-9 2i+2 ) 



M 2 Y - ? 2 



2Z-2\ 



\ q \-2t q 2l+2 _ I 

We may estimate this expression by 

M 2 Y 



,2;+2- 



(i-<z 2i ) 2 



\ q \-2t q 2l+2 _ I 



+ 



1 



|g|-2t g 2Z+2 



(i- <z 2 ') 2 -M 2 (i- <z 2 '- 2 )(i- (? 2 '+ 2 ) 



and both terms converge to zero for I — >• oo. The remaining assertions are verified 
in a similar fashion. □ 
In the sequel we write sgn(g) for the sign of q, that is, sgn(g) = 1 if q > and 
sgn(g) = — 1 if q < 0. 

Lemma 4.5. Lef g e (—1, 1) \ {0}. We have 

A 1 {0,l,i) = a 1 (l,l,i,±l) 
A (0, 1, i) = sgn(g) a (l, Z, i, ±1) 
i4_i(0,i,i) = a_i(l,/,i,±l) 



and similarly 



Ci(0,/,i) = ci(l,Z,i,±l) 
C (0,Z,i) = sgn(g) c (l,Z, i,±l) 
CLi(0,/,i) = c_i(l,/,i,±l) 



/or I > and a/7 i. 



Proof. Since the coefficients ak{l,l,i,j) and Cfc(l,Z,i,j) for fc = —1,0,1 are sym- 
metric in the variable j it suffices again to consider the case j = 1. We have 



Ai(0,/,i) =m(0,Z + l)-5(g 



4Z+3 



„2i+3 



(1 - o 2 '+ 2 )(l - o 2i+2i+2 )^(l - q 2; - 2l + 2 )^ 
(1 - g 4; + 2 )2"(l - g <"+4)(l - q il+6)h 



and 



ai(l,/,i, 1) = (\q\q 



41+3 



i«rv ,+ > 



(1 - 2 ')2 (1 - o 2i + 2 *+2)2 (1 - 2 ' +4 )2(l - q2i-2 t +2)2 
(1 - o 4 '+ 2 )2-(l - - o 4 '+ 6 )5 
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Then 

m(0,l + 1)-H<t» +1 - 1 2l+2 ) = a rC + y (g 2 ' +1 - - ^ +2 ) 

= n J M- 1 (-g)(i-g M )(i-g M+a ) 

(1 — <^'j 2 

= (1 - q 2l+ ^\q\- l {l - q 2l )i(q 2l + 3 - q) 
= (\q\q 2l+1 -\q\- 1 q)(l-q 2l )kl-q 2l+4 ) 1 2 

yields the first claim. Next we note 

(■■I _ „2i+2\fi _ 2i+2j+2\ 



(1 - g 4 '+ 2 )(l - g 4 '+ 4 ) 

, ( 2l+i , 2i+t+2^ - g 2 ')( 1 - g 2 ' 2 ') 

U q ' (l-(7 4i )(l-g 4 '+ 2 ) 



and 



1 _ „2J+2i+2 

oo(i,i, *, i) = {W 21 - 1 - 1 ^ q 2l+i ) + |«|-V'- i+3 (i - q 21 )) — 



(1 -q 4i + 2 )(l -g 4 '+ 4 ) 
+ (\q\q 2l+i+1 (l q 21 - 2 ) + \q\~ \ 2l+t+1 (1 - g 2 ' +2 ))- 



1 - g 2i - 2j 



(l-(j 4; )(l-(Z 4 '+ 2 )' 
Since 

S gn(q)(q 21 - 1 + q 2l - l+2 )(l - q 2l + 2 ) = S gn(q)(q 21 - 1 + q 2l ^+ 2 - q il ~ i+2 - q Al ~ i+A ) 

= |«|<r V -i - ? 4i ^ +4 ) + |«| _1 g(g 2, - i+2 - q il ~ t+2 ) 
= |«|« 2| -*- 1 (i - g 2(+4 ) + |grV'- <+3 (i - g 2Z ) 



and 



sgnfoXg 2 ^ + r Z 2i+i+2 )(l - q 21 ) = Sgn(q)(q 2l+i + q 2l+i + 2 - q il +* - q Al+l+2 ) 

= W-\q 2l+i+2 q il+l ) + M" q^ +2 ) 
= \q\q 2l+l+1 (l - q 21 - 2 ) + \q\~ 1 q 2l+l+1 (1 - 9 2i+2 ) 



we obtain the second assertion. Moreover, 



l l 



A-i(0,l,i) = m(0,l)Hq-i q 2 ^)(l q 21 ) (1 g """ )5(1 \ , 

(l-(Z 4 ')(l-9 4 '+ 2 )2(l-(Z 4i - 2 )2 



and 



o_ 1 (l,i,i,l) = (|g|«- 1 -|g|-V ,+1 )x 

(1 - q 2l - 2 )l{\ - q 2l ~ 2i )\{l - q 2l+2 )\{l - q 2l + 2i )\ 



(1 - (? 4 ')(1 - g 4 ' +2 )i(l - g 4 '- 2 )^ 
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Hence 

m( ,o V 1 - ? 2i+1 )(i - e l ) = ^"^ (g- 1 - - 1 21 ) 

(l-q 2l + 2 )2 

= (1 ~ g2 '" 2) ! lglg- 1 (l-g 2 ' +2 )(l-g 2 ') 

(1 - g 2'+2)2 
= (l-, 2 '- 2 )%| g -l(l-^ +2) i (1 _ ?2i) 

= (M«- 1 -|9|-V' +1 )(l-9 2, - a )3(l-? 2,+a )5 

yields the third claim. The remaining assertions are verified in the same way. □ 
We need some further constructions. Recall that C(£k) for k G Z is a D(G g )- 
equivariant Hilbert C(G q /T)-modulc in a natural way. Left multiplication yields a 
D(G 9 )-equivariant *-homomorphism if) : C(G q /T) — > K(C(£k)), and (C(£k), *P, 0) 
defines a class [[£*]] in KK D< - G ^ (C(G q /T), C{G q /T)). Moreover [[£ m ]] o [[£ n ]] = 
[[£m+n]} for all m, n G Z. 

For fc G Z we define [D fc ] G K K D ^ G ^ (C{G q /T), C) by 

[D fc ] = [[£*]] o [D] 

where [D] G ifA' D ( G «)(C(G 9 /r),C) is the element obtained in proposition Re- 
mark that [Dq] = [D] since [[£o]] = 1- 

Evidently, the unit homomorphism u : C — > C(G q /T) induces a class [u] in 
KK D ( G «\C,C(G q /T)). We define [£ k ] in KK D ^ (C, C{G q /T)) by restricting 
[[£&]] along u, or equivalently, by taking the product 

[£ k ] = [u]o[[£ k ]]. 

In the sequel we will interested in the elements a q G KK D( - G ^ (C(G q /T), C © C) 
and A, G KK D ^ G ^ (C © C, C(G q /T)) given by 

a g = [D ] © ^ = (-[&]) © [£b], 

respectively. 

Theorem 4.6. Let q G (—1, 1)\{0}. Then C is a retract of C(G q /T) inKK D( - G "\ 
More precisely, we have p q oct q = id m KK D ( G ^ (C © C, C © C) . 

Proof. In order to prove the assertion we have to compute the Kasparov products 
[£o]o[D] and [£±i]o[D]. 

Let us first consider [£q] o [D]. This class is obtained from the D(G g )-equivariant 
Fredholm module D by forgetting the left action of C(G q /T). As already mentioned 
in the proof of proposition 14.21 the operator F intertwines the representations of 
C(G q ) on Hi and H-i induced from the D(G g )-Hilbert space structure. This 
can be read off from the fact that the coefficients Xk(l,l,i, j) for x — a,b,c,d 
and k = —1,0,1 are symmetric in the variable j. It follows that the resulting 
D(G 9 )-equivariant Kasparov C-C- module is degenerate, and hence [£q] ° [D] = in 
KK D ( G ^(C,C). 

Let us now study [£-i] ° [D]. The underlying graded D(G 9 )-Hilbert space of this 
Kasparov module is 

H = Ho®H- 2 = L 2 {£o) © L 2 (£- 2 ), 
and the corresponding action of C(G q ) is given by u> as defined in lemma |4~T1 Wc 
choose the standard orthonormal basis vectors efo for Ho and e(\\ for The 
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operator 



F = 



( 











) 



is determined by 




( 



I = i = 0, 




By construction, this operator is G g -equivariant, but F does not commute with the 
action of the discrete part of D(G q ). 

Let us construct a D(G 9 )-equivariant Kasparov C-C[0, l]-module as follows. As 
underlying graded G g -equivariant Hilbert C[0, l]-module we take the constant field 



defines a *-homomorphism f2 : C(G q ) — > l^(Ho © G[0, 1]), and the corresponding 
coaction of C*(G q ) turns the even part Hq®C[Q, 1] into a D(G 9 )-equivariant Hilbert 
G[0, l]-module. In odd degree we consider the constant D(G g )-Hilbert module 
structure induced from H-2- The left action of C on H®C[0, 1] is given by multiples 
of the identity operator, and as a final ingredient we take the constant operator _F©1 
on H<©G[0, 1]. By construction, this operator is G g -equivariant, and it follows from 
lemma WM that F ® 1 commutes with the action of C(G q ) up to compact operators. 
Hence we have indeed defined a Kasparov module. 

Evaluation of this Kasparov module at t = 1 yields [£-i] ° [D]. The evaluation at 
t = agrees with the cycle defining o [D] except that the action of C(G q ) on 
Ho is given by wq instead of u>i . We decompose 



as a direct sum of the one-dimensional subspace C spanned by q and its orthogo- 
nal complement C . Inspection of the explicit formulas shows that ujq preserves this 
decomposition and implements the trivial representation e : C{G q ) — > C = L(C) on 
the first component. It follows that the Kasparov module decomposes as a direct 
sum of the trivial module C representing the identity and its orthogonal comple- 
ment which we denote by R. That is, the underlying graded D(G g )-Hilbert space 
of R is C 1 - © Ti-2, the representation of C is given by multiples of the identity, and 
the operator F defines a G 9 -equi variant isomorphism between C -1- and T-L-2- 
For q > we see from lemma 14.51 that F intertwines the representation luq on 
C 1 - with the representation ui on H-2- It follows that R is degenerate, and hence 
[S-i] o [D] = id in KK D ( G J(C, C) in this case. 

For q < the module R fails to be degenerate since the representations of C(G q ) 
do not match. Let F be the operator on / H„ 2 © given by 



We define a homotopy T by considering the constant field of graded G 9 -Hilbert 



H ® G[0, 1] = (Ho © G[0, 1]) © {H^2 ® G[0, 1]) 
of Gq-Hilbert spaces. It follows from lemma POl that 



H a = C®C 1 - 




spaces 



H © G[0, 1] = {H-2 © H-2) ® G[0, 1] © {H-2 © H- 2 ) ® G[0, 1 
the representation <j) : C — » L(H © C[0, 1]) given by 
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where 

^ (0 - ( o { 

and the constant operator (FfflF)gl. 

Let us use the canonical identification of C with H-2 in order to view ujo as a 
representation on H-2- We define a D(G g )-Hilbert module structure on the even 
part (H-2 © H-2) ® C[0, 1] of T by the action 

e +w (j)( t) ^( t )("f 



of C(G q ) where [/(i) is the rotation matrix 
U(t) = 



cos(tt</2) sin(7rt/2) 
-sin(7rf/2) cos(7rf/2) 



In odd degree we consider the constant D(G g )-Hilbert module structure 
Q-(x) 



A = f u {x) A = / W (a:)(0 



Writing = 8+0 8_ we see from lemma I4~4l and lemma [4751 that the commutators 
[(F ® F) ® l,0(x)] are compact for all x G C(G q ). It follows that T defines a 
D(G 9 )-equivariant Kasparov C-C[0, l]-module. 

The evaluation of T at t = identifies with the sum of R and a degenerate module, 
and evaluation at t = 1 yields a degenerate module. We conclude that the Kasparov 
module R is nomotopic to zero, and hence [£_ t ] o [D] = id in KK D ^ (C, C). 
In a similar way one proves the relation (—[£1]) o [D] = id in KK D< " G ^{C, C) for all 
5 £ (-1,1) \{0}. The calculations are analogous and will be omitted. □ 
As a corollary of theorem 14.61 we obtain the following result. 



Theorem 4.7. Let q G (0, 1). The standard Podles sphere C(G q /T) is isomorphic 
to C® C in KK D{G "\ 

Proof. According to theorem 6.7 in [2 5) the elements a q and (3 q considered above 
satisfy a q o /3 q = id in K K D ^\C(G q /T), C(G q /T)). Hence due to theorem l46l 
these elements induce inverse isomorphisms in KK D ^ G ^ as desired. □ 
We have not checked wether the assertion of theorem 14.71 holds for q < as well. 
For our purposes the following result is sufficient, compare [25] . 

Proposition 4.8. Let q G (— 1, 1) \ {0}. The standard Podles sphere C(G q /T) is 
isomorphic to CffiC in KK Gq . 

Proof. For q > this is an immediate consequence of theorem 14.71 Hence it re- 
mains to treat the case of negative q, and clearly it suffices to show a q o f3 q = id in 
KK Gq (C(G q /T), C{G q /T)) for all q G (—1, 1) \ {0}. 

Note first that the definition of the C*-algebras C{G q ) and C{G q /T) makes sense 
also for q = 0. Moreover, the algebras C(G q /T) assemble into a T-equivariant con- 
tinuous field over [q, 1] for all q G (-1,1], see 0, gS]. Let us write C(G/T) 
for the corresponding algebra of sections. The elements at yield a class a G 
KK T (C(G/T), C[q, 1]), in particular, we have a well-defined element ao for t = 0. 
Similarly, the elements (3 t determine a class /3 G KK T {C[q. 1], C(G/T)). Using a 
comparison argument as in [25], the claim follows from the induction isomorphism 

KK Gq {C(G q /T),C(G q /T)) S* KK T {C(G q /T), C) 

and the fact that a x o ft = id G KK Gl (C(Gi/T), G(G X /T)). □ 
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5. The Baum-Connes conjecture for torsion-free discrete quantum 

GROUPS 

In this section we recall the formulation of the Baum-Connes conjecture for 
torsion- free discrete quantum groups proposed by Meyer [19] . This involves some 
general concepts from homological algebra in triangulated categories. For more 
detailed information we refer to [23]. [22], [15], [2D]. 

Let G be a torsion- free discrete quantum group in the sense of definition 13. II The 
equivariant Kasparov category KK G has as objects all separable G-G*-algebras, 
and KK (A,B) as the set of morphisms between two objects A and B. Compo- 
sition of morphisms is given by the Kasparov product. The category KK G is tri- 
angulated with translation automorphism £ : KK G — > KK G given by the suspen- 
sion TiA = Co(M.,A) of a G-G*-algebra A. Every G-equivariant *-homomorphism 
/ : A —> B induces a diagram of the form 

£5 >• Cf ^a—L^ b 

where G/ denotes the mapping cone of /. Such diagrams are called mapping cone 

triangles. By definition, an exact triangle is a diagram in KK G of the form T,Q — > 

K —¥ E —¥ Q which is isomorphic to a mapping cone triangle. 

Associated with the inclusion of the trivial quantum subgroup E in G we have the 

obvious restriction functor res^j : KK G — > KK E = KK and an induction functor 

ind| : KK -> KK G . Explicitly, indf (A) = G (G) <g> A for A G KK with action of 

G given by translation on the copy of Go(G). 

We consider the following full subcategories of KK G , 

CC G = {A e KK G \ ks%{A) = G KK} 
CI G = {m&%{A)\A G KK}, 

and refer to their objects as compactly contractible and compactly induced G-G*- 
algebras, respectively. Since G is torsion-free, it suffices to consider the trivial 
quantum subgroup in the definition of these categories. If there is no risk of confu- 
sion we will write CC and CI instead of CCq and CXq . 

The subcategory CC is localising, and we denote by (CX) the localising subcategory 
generated by CI. It follows from theorem 3.21 in [TDJ that the pair of localising 
subcategories ((CT),CC) in KK G is complementary. That is, KK G (P,N) = for 
all P € (CI) and N £ CC, and every object A G KK G fits into an exact triangle 

T,N »-i >■ A >■ N 

with A G {CI) and TV G CC. Such a triangle is uniquely determined up to isomor- 
phism and depends functorially on A. We will call the morphism A — > A a Dirac 
element for A. 

The localisation LF of a homological functor F on KK G at CC is given by 

LF(A) = F(A) 

where A — > A is a Dirac element for A. By construction, there is an obvious map 
LF(A) -> F(A) for every A G KK G . 

In the sequel we write G Xf A and G x r A for the full and reduced crossed products 
of A by G. Let us remark that in [25] these algebras are denoted by G f *(G) cop Kf A 
and G*(G) cop K r A, respectively. 

Definition 5.1. Let G be a torsion-free discrete quantum group and consider the 
functor F(A) — A'*(G K r A) on KK G . The Baum-Connes assembly map for G 
with coefficients in A is the map 

HA : hF(A) -> F(A). 
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We say that G satisfies the Baum-Connes conjecture with coefficients in A if \ia 
is an isomorphism. We say that G satisfies the strong Baum-Connes conjecture if 
(CI) = KK G . 

Observe that the strong Baum-Connes conjecture implies the Baum-Connes con- 
jecture with arbitrary coefficients. Indeed, for A G (CI) the assembly map fiA is 
clearly an isomorphism. 

By the work of Meyer and Nest [2U] , the above terminology is consistent with the 
classical definitions in the case that G is a torsion- free discrete group. The strong 
Baum-Connes conjecture amounts to the assertion that G has a 7-element and 
7 = I in this case. 

In section IH1 we will need further considerations from [35], [Tj|] relying on the notion 
of a homological ideal in a triangulated category. Let us briefly discuss the relevant 
material adapted to our specific situation. 

We denote by 3 the homological ideal in KK G consisting of all / G KK G (A,B) 
such that res^(/) = G KK(A,B). By definition, 3 is the kernel of the exact 
functor res^ : KK G — > KK. The ideal 3 is compatible with countable direct sums 
and has enough projective objects. The ^-projective objects in KK G are precisely 
the retracts of compactly induced G-G*-algebras. 
A chain complex 

n+l >" W <->n—X >" ' ' ' 

in KK G is J-exact if 

^ KK(A, C n+1 ) { ^l'KK(A, C n ) KK(A, C„_ x ) - ■ ■ ■ 

is exact for every A G KK. 

A ^-projective resolution of A G KK G is a chain complex 

P d "+\ p d 'K P d2 a p dl p 

' -<n+l r n tn—X ^ ' ' ^ "X ■* 

of ^-projective objects in KK G , augmented by a map Pq — > A such that the 
augmented chain complex is 3-exact. 

For our purposes it is important that a ^-projective resolution of A G KK G can 
be used to construct a Dirac element A — >• A. In general, this construction leads 
to a spectral sequence computing the derived functor hF(A). In the specific case 
of free orthogonal quantum groups that we are interested in, the spectral sequence 
reduces to a short exact sequence. This short exact sequence will be discussed in 
section [9] in connection with our if -theory computations. 

6. The Baum-Connes conjecture for the dual of SU q (2) 

In this section we show that the dual of SU q (2) satisfies the strong Baum-Connes 
conjecture. We work within the general setup explained in the previous section, 
taking into account proposition l3 . 21 which asserts that the dual of SU q (2) is torsion- 
free. Let us remark that the strong Baum-Connes conjecture for the dual of the 
classical group SU(2) is a special case of the results in [2"T] . 

Theorem 6.1. Let q G (—1, 1) \ {0}. The dual discrete quantum group of SU q (2) 
satisfies the strong Baum-Connes conjecture. 

Proof. In the sequel we write G = SU q (2). Due to Baaj-Skandalis duality it suffices 
to prove that every G-C*-algebra is contained in the localising subcategory T of 
KK G generated by all trivial G-C*-algebras. 

Let A be a G-C*-algebra. Theorem ETfJl implies that A is a retract of C(G/T) M G A 
in KK G , and according to theorem 3.6 in [25] there is a natural G-equivariant 
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isomorphism C(G/T) M G A = indf resf (A). 

Since T = 1 is a torsion-free discrete abelian group the strong Baum-Connes con- 
jecture holds for T. More precisely, the trivial T-C*-algebra C is contained in the 
localising subcategory (Cq(T)) of KK T generated by Cq(T). Next observe that 
there is a T-equivariant ^-isomorphism Cq(T) ® B = Cq(T) <S> B t for every T-C*- 
algebra B where B T denotes B with the trivial T-action. It follows that 

T k res£ (A) = C®T« resg(A) G (C {f) ® T K res^(A)) 

= (C (f) ® (T k resg(i4)) r > 
in KK T . According to Baaj-Skandalis duality, this implies 

res%{A) = T \k T \< resf (A) G (f k(C (T) 8(Tk resf (A)) t )) 

= <(T x resg( J 4)) T ) 
in KK T . Using proposition 14.81 we thus obtain 

ind^res^(yl) G (C(G/T) ® (T tx res£(A)) T ) C ((T K res£(A)) r ) C T 
in KK G since the induction functor ind T is triangulated. 

Combining the above considerations shows A G T and finishes the proof. □ 
Starting from theorem 16.11 it is easy to calculate the if-groups of C(SU q (2)) and 
C(SO q (3)). We shall not present these computations here. 

7. Free orthogonal quantum groups and monoidal equivalence 

In this section we review the definition of free orthogonal quantum groups and 
discuss the concept of monoidal equivalence for compact quantum groups. 
We begin with the definition of free orthogonal quantum groups. These quantum 
groups were introduced by Wang and van Daele [53], [31]. As usual, for a matrix 
u = (iiij) of elements in a *-algebra we shall write u and it* for its conjugate and 
transposed matrices, respectively. That is, we have (u)ij — u*j and (u )y = Uji for 
the corresponding matrix entries. 

Definition 7.1. Let Q G GL n (C) such that QQ = ±1. The group C* -algebra 
C* (¥0(Q)) of the free orthogonal quantum group ¥0(Q) is the universal C* -algebra 
with generators Uij, 1 < i, j < n such that the resulting matrix u is unitary and the 
relation u = QuQ^ 1 holds. 

In definition 17. II we basically adopt the conventions in [5J. However, we write Q 
instead of F for the parameter matrix, and we deviate from the standard notation 
A {Q) = Cf(WO(Q)). The latter is motivated from the fact that we shall view this 
C*-algebra as the group C*-algebra of a discrete quantum group. 
It is well-known that C(SU q (2)) can be written as the group C*-algebra of a free 
orthogonal quantum group for appropriate Q G GLi2(C). Moreover, the free quan- 
tum groups ¥0(Q) for Q G GL 2 {C) exhaust up to isomorphism precisely the duals 
of SU q {2) for q G [-1, 1] \ {0}. 

The quantum groups WO(Q) for higher dimensional matrices Q are still closely re- 
lated to quantum SU(2). In order to explain this, we shall discuss the notion of 
monoidal equivalence for compact quantum groups introduced by Bichon, de Rijdt 
and Vaes [S]. For the algebraic aspects of monoidal equivalences and Hopf-Galois 
theory we refer to [35] . 

As in section [2] we write Rep(G) for the C*-tensor category of finite dimensional 
representations of a compact quantum group G. Recall that the objects in Rep(G) 
are the finite dimensional representations of G, and the morphism sets consist of 
all intertwining operators. 
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Definition 7.2. Two compact quantum groups G and H are called monoidally 
equivalent if the representation categories Rep(G) and Rep(H) are equivalent as 
C* -tensor categories. 

We point out that in definition [72] the representation categories are only required 
to be equivalent as abstract C*-tensor categories. In fact, by the Tannaka-Krein 
reconstruction theorem [36], a compact quantum group G is determined up to 
isomorphism by the C*-tensor category Rep(G) together with its canonical fiber 
functor into the category of Hilbert spaces. 

Let H be a compact quantum group. An algebraic coaction A : V — > C[H] V on 
the unital *-algebra V is called ergodic if the invariant subalgebra CDcrm'P C V is 
equal to C. We say that V is a left Galois object if A is ergodic and the Galois map 
7P : V V -> C[H] V given by 

lv {x Q y) = \{x)(l Q y) 

is a linear isomorphism. Similarly one defines ergodicity for right coactions and the 
notion of a right Galois object. 

Like in Morita theory, it is important that monoidal equivalences can be imple- 
mented concretely. 

Definition 7.3. Let G and H be compact quantum groups. A bi-Galois object for 
G and H is a unital *-algebra V which is both a left C[H]-Galois object and a right 
C[G]- Galois object, such that the corresponding coactions turnV into a C[-ff]-C[G]- 
bicomodule. 

A linear functional u> on a unital *-algebra V is called a state if lu(x*x) > for 
all x £ V and uj(1) = 1. A state u> is said to be faithful if lu(x*x) — implies x = 0. 
If V is in addition equipped with a coaction A : V — > C[H] V then uj is called 
invariant if (id0w)A(a:) = w(x)l for all x £ V . 
The following result is proved in [5]. 

Theorem 7.4. Let G and H be monoidally equivalent compact quantum groups. 
Then there exists a bi-Galois object V for G and H such that 

T(H) - VD C[G] H 

defines a monoidal equivalence J- : Rep(G) — > Rep(H), and there exists a canonical 
faithful state uj on V which is left and right invariant with respect to the coactions 
of C[G] andC[H], respectively. 

As a first application of the concept of monoidal equivalence let us record the 
following fact. 

Proposition 7.5. Let G and H be discrete quantum groups with monoidally equiv- 
alent duals. Then G is torsion-free iff H is torsion-free. 

Proof. As explained in [13] . actions of monoidally equivalent compact quantum 
groups on finite dimensional G*-algebras are in a bijective correspondence. We 
will discuss this more generally, for arbitrary C* -algebras and on the level of equi- 
variant K X-theory, in section [5] Under this correspondence, actions associated to 
representations of G correspond to actions associated to representations of H . This 
immediately yields the claim. □ 
In the sequel we will make use of the following crucial result from [8] , which in turn 
relics on the fundamental work of Banica [3], [4]. 

Theorem 7.6. Let Qj £ GL nj {C) such that Q.~Q~ = ±1 for j = 1,2. Then the 
dual of¥0(Qi) is monoidally equivalent to the dual of¥0(Q2) iff QiQi and Q2Q2 
have the same sign and 

tr(QiGi) = tr(Q* 2 Q 2 ). 
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In particular, for any Q G GL n (C) such that QQ = ±1, the dual of WO(Q) is 
monoidally equivalent to SU q (2) for a unique q G [— 1, 1] \ {0}. 

Theorem 17.61 implies in particular that the dual of ¥0(Q) for Q G GL n (C) and 
n > 2 is not monoidally equivalent to SU±\(2). With this in mind we obtain the 
following consequence of proposition 13.21 and proposition 17.51 

Corollary 7.7. Let Q G GL n (C) for n > 2 such that QQ = ±1. Then the free 
orthogonal quantum group ¥0(Q) is torsion-free. 

8. MONOIDAL EQUIVALENCE AND EQUIVARIANT K K -THEORY 

Extending considerations in |13j . we discuss in this section the correspondence 
for actions of monoidally equivalent compact quantum groups. We show in par- 
ticular that the strong Baum-Connes property for torsion-free quantum groups is 
invariant under monoidal equivalence. 

Let G and H be monoidally equivalent compact quantum groups and let V be the 
bi-Galois object for G and H as in theorem 17.41 Moreover let A be a G-G*-algebra, 
and recall from section [5] that we write S{A) for the dense spectral *-subalgebra 
of A. The algebraic cotensor product J- (A) = VDc[g]S(A) cP0 S(A) is again 
a *-algebra and carries an algebraic coaction A : J- (A) — > C[H] J- (A) inherited 
from V . 

Consider the G*-algebra P<E> A where P denotes the minimal completion of V, that 
is, the C*-algebra generated by V in the GNS-representation of the invariant state 
u). The left coaction on P turns P ® A into an P-G*-algebra. Let F(A) = PD G A 
be the closure of T(A) = VO C [ G ]S(A) inside P ® A. By construction, the coaction 
of P(g> A maps IF (A) into C'(H) ®F(A). In this way we obtain a coaction on F(A) 
which turns F(A) into an P-G*-algebra. 

If / : A — >• B is a G-equivariant *-homomorphism then id 0/ : P ® A P <g B 
induces an P-equivariant *-homomorphism idDcf '■ PU\ G A — > POqB. Conse- 
quently, we obtain a functor F : G-Alg — > H-A\g by setting F(A) = POqA on 
objects and F(f) = idOcf on morphisms. Here G-Alg and H-A\g denote the cat- 
egories of separable G-G*-algebras and £/-G*-algebras, respectively. Note that a 
trivial G-G*-algebra A is mapped to the trivial ii-G*-algebra F(A) = A under the 
functor F. Moreover F(A ® B) = F(A) ® F(B) for all G-G*-algebras A and B. 
By symmetry, we have the dual Galois object Q for H and G and a correspond- 
ing functor -ff-Alg — > G-Alg. This functor sends an iJ-G*-algebra B to the G- 
G*-algebra QDhB. Here Q denotes the C*-algebra generated by Q in the GNS- 
representation associated to its natural invariant state rj. 

Proposition 8.1. For every G-C* -algebra A there is a natural isomorphism 

QD H PD G A £ A 

of G-C* -algebras. 

Proof. Consider first the case A = C r (G). In this case we have a canonical iso- 
morphism POgA = P. By construction, QD#P C Q ® P is the closure of 
QPcimP — C[G]. Since n and u are faithful states on Q and P, respectively, 
the state r\ ® ui is faithful on Q ® P, and hence also on QOhP- Moreover n ® uj is 
both left and right invariant with respect to the natural coactions of G r (G). From 
this we conclude that the above inclusion C[G] — > Q g> P induces an equi variant 
^-isomorphism C'(G) = QDjjP. 

Now let A be an arbitrary G-G*-algebra. Using the previous discussion we obtain a 
well-defined injective *-homomorphism a : A — > Q®P®A by applying the coaction 
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followed with the isomorphism C'(G) = QDhP C Q P. Due to associativity of 
the cotensor product the coaction S(A) — > C[G] S(A) induces an isomorphism 

S(A) = C[G]n c[G] S(A) = QD C[H] VD C[G] S(A). 

Now let 7r G H. The spectral subspace T P is a finite dimensional right C[G]- 
comodule, and we observe that W (P A) = (,P) A. In fact, we have = 
(pn id)(P A) C (w-P) A where p„ : P — ► ^P is the projection operator, 
and the reverse inclusion is obvious. This implies ^(POcA) = ( n P)D^iQ]S(A) and 
hence S(P\3 G A) = VOct G ]S(A) for the spectral subalgebras. Using a symmetric 
argument for Q we conclude 

S(QD H Pa G A) = QD C[H] S(PD G A) = QD C[H] VD C[G] S(A). 

It follows that the image of S(A) in QOhPOqA under the map a is dense. Hence 
a induces an equivariant *-isomorphism A = QOhPOqA as desired. □ 
We have thus proved the following theorem. 

Theorem 8.2. Let H and G be monoidally equivalent compact quantum groups. 
Then the categories G-Alg and H-A\g are equivalent. 

Our next aim is to extend the equivalence of theorem 18.21 to the level of equi- 
variant Kasparov theory. 

For this we need an appropriate version of the cotensor product for Hilbcrt mod- 
ules. Let £ be a G-Hilbert A-module, and recall from section [5] that S(£) denotes 
the spectral submodule of £ . We define PO^S as the closure of V^\c[G]S{£) inside 
the Hilbert P A- module P ® E. It is straightforward to check that POc£ is an 
ii-Hilbert PD^A-module. Moreover, the following assertion is proved in the same 
way as proposition 18. II 

Proposition 8.3. For every G-Hilbert A-module Z there is a natural isomorphism 

Qn H PU G £ = £ 

of G-Hilbert A-modules. 

If £ is a G-Hilbert A-module then K(£ ) is a G-G*-algebra in a natural way. The 
cotensor product constructions for C* -algebras and Hilbert modules are compatible 
in the following sense. 

Proposition 8.4. Let £ be a G-Hilbert A-module. Then 

K(PD G £) ^ Pa G K(£) 

as H-C* -algebras. 

Proof. Note that there are canonical inclusions PD G K(£) cP8 K(£) = K(P £) 
and K(PD G £) C K(P £). These inclusions determine a homomorphism is : 
K(PD G £) — > PD G K(£) of iJ-G*-algebras. Using proposition 18.31 and proposition 
18.11 we obtain a map 

pa G K(£) = pa G K(Qa H pa G £) pa G Qa H K(pa G £) = K(pn G £) 

where the middle arrow is given by idDtpn G g. It is readily checked that this map 
is inverse to tg. □ 
Let £ and T be G-Hilbert- A-modules and let T £ L(£ , J 7 ) be G-equi variant. Then 
id 0T :?®£->P®J induces an adjointable operator id D G T : PD G £ — > P\3 G F. 
If <t> '■ A — > L(£) is a G-equivariant *-homomorphism then id 00 : P® A — > L(P0£ ) 
induces an _ff-equivariant *-homomorphism \d\3 G (f> : PO G A — > h(PD G £ ). 
Now let (£, 4>, F) be a G-equivariant Kasparov A-B-module with G-invariant op- 
erator F. Since G is compact we may restrict to such Kasparov modules in 
the definition of KK G . Using our previous observations it follows easily that 
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(POo£, id Oc(j), id OgF) is an if-equivariant Kasparov PDcA-POGB-module. It 
is not difficult to check that this assignment is compatible with homotopies and 
Kasparov products. 

As a consequence we obtain the desired functor KK G — > KK H extending the func- 
tor F : G-Alg — > H-A\g defined above. This functor, again denoted by F, preserves 
exact triangles and suspensions. 
We may summarize our considerations as follows. 

Theorem 8.5. If H and G are monoidally equivalent compact quantum groups 
then the triangulated categories KK H and KK G are equivalent. 

Note that a trivial G-C*-algebra is mapped to the corresponding trivial H-C*- 
algebra under this equivalence. As a consequence we immediately obtain the fol- 
lowing assertion. 

Theorem 8.6. Let G and H be torsion-free discrete quantum groups whose dual 
compact quantum groups are monoidally equivalent. Then G satisfies the strong 
Baum-Connes conjecture iff H satisfies the strong Baum-Connes conjecture. 

Proof. Using Baaj-Skandalis duality and theorem 18.51 we see that KK G and KK H 
are equivalent triangulated categories. In addition, the compactly induced G-C*- 
algebra Cq(G) (g) A corresponds to the compactly induced iJ-C*-algebra Cq(H) (g) A 
under this equivalence. Hence (C1 G ) = KK G holds iff (C1 H ) = KK H holds. □ 
Combining theorem 18.61 with theorem 16.11 yields the main result of this paper. 

Theorem 8.7. Let n > 2 and Q £ GL n (C) such that QQ = ±1. Then the free 
orthogonal quantum group ¥0(Q) satisfies the strong Baum-Connes conjecture. 

9. Applications 

In this section we discuss consequences and applications of theorem 18.71 In 
particular, we show that free orthogonal quantum groups are if-amenable and 
compute their X-theory 

The concept of JC-amenability, introduced by Cuntz for discrete groups in |10j . 
extends to the setting of quantum groups in a natural way |32j . More precisely, a 
discrete quantum group G is called i^-amenable if the unit element in KK G (C,C) 
can be represented by a Kasparov module {£ , 7r, F) such that the representation 
of G on the Hilbert space £ is weakly contained in the regular representation. As 
in the case of discrete groups, this is equivalent to saying that the canonical map 
G Kf A — >• G ix r A is an isomorphism in KK for every G-C*-algebra A. 
Of course, every amenable discrete quantum group is K- amenable. It is known 0] 
that WO(Q) is not amenable for Q £ GL n (C) with n > 2. 
The main application of theorem 18.71 is the following result. 

Theorem 9.1. Let n > 2 and Q £ GL n (C) such that QQ = ±1. Then the free 
orthogonal quantum group ¥0(Q) is K-amenable. In particular, the map 

K*(C?(FO(Q))) -> K4C*(WO(Q))) 

is an isomorphism. 

The K -theory of¥0(Q) is 

K (C?(WO(Q))) = Z, Kx(C?(FO(Q))) = Z. 

These groups are generated by the class of 1 in the even case and the class of the 
fundamental matrix u in the odd case. 
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Proof. Let us write G — FO(Q). The reduced and full crossed product functors 
KK G — » KK agree on (CI) because they agree for all compactly induced G-C*- 
algebras. Indeed, for B £ KK we have 

G K f indf (5) = Gk, (G (G) (g)B)=K®B = Gx r (G (G) ® 5) = G x r ind^(B) 

by strong regularity. According to theorem 18.71 it follows that the canonical map 
GxfA— >GK r v4isan isomorphism in KK for every G-G*-algebra A, and this 
means precisely that G is X-amenable. 

As in section [5] we denote by Z the homological ideal in KK G given by the ker- 
nel of the restriction functor res^j : KK G — > KK. To compute the if-groups 
K*(Cf (G)) = K*(C*(G)) we shall construct a concrete 3-projective resolution of 
the trivial G-G*-algebra C. 

Let G be the dual compact quantum group of G, and let us identify the set of 
irreducible representations of G with N. We write iik for the representation corre- 
sponding to k £ N and denote by Hk the underlying Hilbert space. In particular, 
ttq = e is the trivial representation. Moreover, -k\ identifies with the fundamental 
representation given by it, and we have dim('Hi) = n. The representation ring R(G) 
of G is isomorphic to the polynomial ring Z[i] such that t corresponds to H\. 
Due to the Green- Julg theorem and the Takcsaki-Takai duality theorem, we have 
a natural isomorphism 

KK G (C,G K r B) = K(Kg ® B) = K(B) 

for B € KK . Consequently, taking into account KK G (C,C) = R(G), the Kas- 
parov product 

KK G (C,C) x KK G (C,G x r B) -> KK G (C, G K r B) 

induces an i?(G)-module structure on K(B), and every element / e KK G (B,C) 
defines an i?(G)-module homomorphism /» : K(B) — > K(C). 

For B = Go(G) this construction leads to the action of R(G) on itself by multipli- 
cation, and for B = C the corresponding module structure on Z is induced by the 
augmentation homomorphism e : Z[t] — > 1 given by e(t) = n. 
Let us now consider the Koszul complex 

G (G) G (G) C 

in KK G defined as follows. The map A : Go(G) — > Kg — C is given by the regular 
representation. Moreover, n : Go(G) — > Cq(G) denotes the sum of n copies of the 
identity element. The morphism T : G (G) -> G (G) ® M„(C) = G (G) is the 
^-homomorphism induced by the comultipliation A : Go(G) — > M(Go(G) ® Go(G)) 
followed by projection onto the matrix block corresponding to ~k\ in the second 
factor. 

Let us determine the map T* : R(G) — > i?(G) induced by T on the level of if -theory. 
Consider the Hopf *- algebra C[G] of matrix elements for G, and denote by ( , ) the 
natural bilinear pairing between C[G] and Go(G). Under this pairing, the character 
Xk £ C[G] of the representation irk corresponds to the trace on K(Hk)- Moreover 
we observe 

xi ® Xi) = (/> XiXi) = (/) Xi+i + Xl-i) = (/, X;+i) + (/, Xl-i) 

for / G K(Hfc) C Go(G). According to the definition of T this implies 

T4H k ) = ?4+i+ ?4-i 

for all fc e N, where we interpret H-i = 0. It follows that T* corresponds to 
multiplication by t under the identification Z[t] = R(G). 
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Applying A-theory to the Koszul complex yields the exact sequence of Z[t]-modules 

^ Z[t] Z[t] Z 

where e is again the augmentation homomorphism given by e(t) = n. Taking into 
account that Cq(G) is ^-projective, it follows easily that the Koszul complex yields 
a ^-projective resolution of C. 

Since the Koszul resolution has length 1, we obtain a Dirac morphism C — > C as in 
the proof of theorem 4.4 in [32]. The only piece of information that we need about 
this construction is that the G-C*-algebra C fits into an exact triangle 

Co (GO C (C) c SCo(G) 

in KK G . Here the first arrow Go(G) — > Cq(G) is given by n — T, but we will not 
make use of this fact. By applying the crossed product functor we obtain an exact 
triangle 

K ^ K >- G x f C *- 

in KK . Hence the associated long exact sequence in A-theory takes the form 

Z *- K Q {G Xf C) - 



Z < Ki{G x f C) ■* 

Since G f * (G) has a counit the group K$(G Kf C) = Ao(C*(G)) contains a direct 
summand Z generated by the unit element 1 £ G f *(G). It follows that the upper 
left horizontal map in the diagram is an isomorphism. Hence the vertical arrow is 
zero, and the lower left horizontal map is an isomorphism as well. 
It remains to identify the generator of K\(C*(G)) = K±(G Kf C). Clearly, the 
fundamental unitary u <E M n (C*(G)) defines an element [u] € Ai(C f *(G)). The 
discussion at the end of section 5 in [5] shows that we find a quotient homomor- 
phism 7T : C f * (G) -> G f *(FO(M)) for some matrix M € GL 2 (C). On the level of 
if-theory, the class [u] maps under 7r to the class of the fundamental matrix of 
C f *(FO(M)) in Xi(G f *(FO(M))). Since M £ GL 2 (C), the quantum group FO(M) 
is isomorphic to the dual of SU q {2) for some q G [—1, 1] \ {0}. 
Let u q € M2(C(SU g (2))) be the fundamental matrix of SU q {2). For positive <j, the 
index pairing of u q with the Fredholm module corresponding to the Dirac operator 
on SU q {2) is known to be equal to 1, see [15] . The argument extends to the case of 
negative q in a straightforward way. 

As a consequence of these observations we conclude that [u] is a generator of 
Ki(Cf(G)) = Z, and this finishes the proof. □ 
In his work on quantum Cayley trees |33j . Vergnioux has constructed an analogue 
of the Julg-Valette element for FO(Q). Our considerations imply that this element 
is homotopic to the identity, although we do not get an explicit homotopy. 

Corollary 9.2. Let n > 2 and Q £ GL„(C) such that QQ = ±1. The Julg-Valette 
element for ¥0(Q) is equal to 1 m KK wo W(C, C). 

Proof. Let us write G = ¥0(Q). An analogous argument with if-homology instead 
of A'-thcory as in the proof of theorem 19.11 shows that AA(G f *(G),C) = Z is gen- 
erated by the class of the counit e : G f *(G) — > C. It follows that the forgetful map 
AAT G (C,C) — > KK(C,C) = Z is an isomorphism. Since the Julg-Valette element 
in [33] has index 1 this yields the claim. □ 
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In the special case Q = 1 S GL n (C) the quantum group ¥0(Q) = FO(n) is uni- 
modular. Hence the Haar functional (j> : C* (¥0(n)) — » C is a trace and determines 
an additive map (fio ■ K (C* (¥0(n))) — > 7L. 

Theorem 9.3. Let n > 2. The free quantum group ¥0(n) satisfies the analogue of 
the Kadis on- Kaplansky conjecture. That is, C*(¥0(n)) does not contain nontrivial 
idempotents. 

Proof. The classical argument for free groups carries over. Since every idempo- 
tent is similar to a projection it suffices to show that C* (¥0(n)) does not contain 
nontrivial projections. We know that the Haar functional is a faithful tracial state 
on C* (FO(n)). Assume that p e C* (¥0(n)) is a projection. Then from the pos- 
itivity of <f> we obtain 4>{p) G [0, 1], and from the above considerations we know 
(f>(p) = (f>o([p\) £ Z. This implies p = or 1 — p = 0. □ 
Finally, we note that the dual of SU q (2) does not satisfy the analogue of the 
Kadison-Kaplansky conjecture. In fact, there are lots of nontrivial idempotents 
mC(SU q (2)) for ? G (-1,1) \ {0}. 
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